Abstract. The classical Birkhoff conjecture says that the only integrable convex domains are circles and ellipses. In the paper we show that this conjecture is true for small perturbations of ellipses of small eccentricity.
Introduction
Let Ω ⊂ R 2 be a strictly convex domain: we say that Ω is C r if its boundary is a C r -smooth curve. In particular, the radius of curvature ρ(s) as a function of the length parametrization s is C r−2 -smooth. Consider the billiard problem in Ω. Namely, a massless billiard ball moves with unit velocity and without friction following a rectilinear path inside the domain Ω; when it hits the boundary it reflects elastically according to the standard reflection law: the angle of reflection is equal to the angle of incidence. Such trajectories are sometimes called broken geodesics.
Recall that a causticΓ in Ω is a smooth convex curve 1 such that if a billiard orbit has one segment tangent toΓ, then all its segments are tangent toΓ. We call a billiard inside a domain Ω integrable if the union of all caustics has nonempty interior.
Birkhoff Conjecture (see Birkhoff [3] , Poritsky [12] ). Billiards inside ellipses are the only integrable billiards.
Theorem (Bialy [2] , see also Wojtkowski [17] ). If caustics foliate the whole domain Ω, then Ω has to be a disk.
Notice that Treschev in [16] gives indication that there are locally integrable billiards different from ellipses. Locally integrable means having an elliptic periodic point whose neighborhood is foliated by invariant curves. Moreover, in Treschev's construction, dynamics on those invariant curves is conjugate to the same rigid rotation.
There is a remarkable relation between properties of billiards and the spectrum of the Laplace operator in Ω. Given a domain Ω, the length spectrum of Ω is given by the collection of perimeters of its periodic orbits, counted with multiplicity:
L Ω := N{lengths of closed geodesics in Ω} ∪ Nℓ(∂Ω), where ℓ(∂Ω) denotes the length of the boundary.
Consider the spectrum of the Laplace operator in Ω, denoted by Spec ∆, with Neumann boundary condition: ∆u = λu, ∂u = Ku on ∂Ω.
From the physical point of view, the eigenvalues λ are the eigenfrequencies of the membrane Ω with a fixed boundary.
K. Anderson and R. Melrose [1] proved that for generic domains one can recover the length spectrum from the Laplace spectrum. In [8] Gullemin-Melrose proved that an ellipse is uniquely determined by its Laplace spectrum.
This is a particular case of a famous question by M. Kac [9] : "Can one hear the shape of a drum?". More formally, does the Laplace spectrum determine a domain? There is a number of counterexamples to this question (see e.g. [7] ).
In [14] , P. Sarnak conjectures that the set of isospectral planar domains is finite.
The main result (weak version)
Each causticΓ corresponds to a non-contractible invariant curve Γ of the associated billiard map. By Birkhoff's Theorem each such invariant curve is a Lipschitz graph and, therefore, the restriction of the billiard map is a homeomorphism of the circle, which, as such, admits a rotation number.
In the case of rational rotation number we sayΓ is a rational caustic only if Γ consists of periodic points. If Ω admits rational caustics of all rotation numbers of the form 1/q, q > 2, we say that Ω is rationally integrable. Let us denote with E e ⊂ R 2 an ellipse of eccentricity e.
Main Theorem. There exists e 0 > 0 such that for any 0 ≤ e ≤ e 0 any rationally integrable C 19 -smooth domain Ω that is sufficiently C 1 -close to E e is an ellipse.
The proof of our Main Theorem will consist of three steps:
i) derive a necessary condition for preservation of a rational caustic. ii) define Deformed Fourier modes and show that they form a basis of L 2 (S 1 ). iii) design an approximation procedure: show that if Ω ε is rationally integrable and is an O(ε)-perturbation of Ω 0 = E e , then there is an ellipse E e ′ for some e ′ that is O(ε)-close to e such that Ω ε is an O(ε β )-perturbation of E e ′ , for some β > 1. Derive convergence.
Integrable deformations and the idea of the proof
Consider the unit circle Ω 0 ⊂ R 2 . Let (r, ϕ) be polar coordinates. Let Ω ε be a one-parameter family of deformations Ω ε := Ω 0 + εn(ϕ) + O(ε 2 ), i.e. in polar coordinates Ω ε = {(r, ϕ) = (1 + εn(ϕ, ε), ϕ)}.
Consider the Fourier expansion
Suppose for some ε 0 > 0 and all ε ∈ (0, ε 0 ) the domain Ω ε is rationally integrable.
Lemma 1.
(see e.g. [13] ) If Ω ε has a caustic Γ 1/q of rotation number 1/q for all small ε, then all (n ′ k , n ′′ k ) with k divisible by q vanish. It implies that if Ω ε is rationally integrable, then
It can be rewritten in the form
for some ϕ 1 and ϕ 2 . Notice that
• n ′ 0 corresponds to homothety.
• n ′ 1 and n ′′ 1 : translation in the direction of angle ϕ 1 with the x-axis.
• n ′ 2 and n ′′ 2 : deformation into an ellipse of small eccentricity with semimajor axis having angle ϕ 2 with the x-axis. This implies that, infinitesimally, our rationally integrable deformations are tangent to the 5-parameter family of ellipses. However, there is no uniformity in q and, as q increases, the size of perturbation ε such that this lemma applies decreases. We therefore need to modify this lemma for non-circular domains.
Our goal is to define a basis of functions {c 0 (ϕ), c q (ϕ), s q (ϕ), q > 0} of L 2 such that preservation of the caustic Γ 1/q implies that the dot product
where µ is some weight function. Suppose the first 5 functions {c 0 (ϕ), c q (ϕ), s q (ϕ), q = 1, 2} are orthogonal to all other basis functions, i.e. the dot product is zero. Then this 5-parameter family is tangent to the 5-parameter family of ellipses.
To complete the proof we need an approximation scheme.
Let Ω ε be a rationally integrable ε-perturbation of an ellipse Ω 0 = E e of some eccentricity e. Then there exists an ellipse E e ′ of eccentricity e ′ such that Ω ε is an ε β -perturbation of E e ′ for some β > 1.
Convergence of this procedure implies that Ω ε is indeed an ellipse.
The main result (strong version)
Let s be the length parametrization of the boundary ∂Ω and ρ(s) be its radius of curvature at s. Let C Ω = ∂Ω ρ −2/3 (τ )dτ −1 . Define the Lazutkin parametrization as:
Denote by ρ(x) = ρ(s(x)) its radius of curvature given in the x-parametrization. Finally, let us introduce the function µ(
In a tubular neighborhood of ∂Ω there are well-defined coordinates (s, n), where s is the s-coordinate of the orthogonal projection of the point onto the boundary ∂Ω and n is the oriented distance along the orthogonal direction to ∂Ω with n > 0 being outside of Ω and n < 0 being inside. Given a domain Ω ′ which is close to Ω we can identify it with the graph of a function n(s) in the above coordinates. One can project points from ∂Ω ′ to ∂Ω and lift points from ∂Ω to ∂Ω ′ . Consider a C r small deformation n(s) and for ̺ ∈ (0, 1), the 1-parameter family of domains
There is a collection of functions {c q (x), s q (x), q > 2} such that if Ω ̺ has a caustic Γ 1/q of rotation number 1/q for all small ̺, then
If Ω is an ellipse, these functions {c q (x), s q (x), q > 2} can be explicitly defined using action-angle coordinates (see (10) ). One can complement these functions with 5 functions {c 0 (x), c q (x), s q (x), q = 1, 2} having the same meaning as the ones described in the previous section: four define homothety, translations and rotations, while the fifth one defines hyperbolic rotations (see Section 7 for definitions).
Let N > 1 be an integer. Introduce a correlation matrix M N of size (2N + 1)
where i = 0, 1 and we have a 0 q (x) = s q (x) and a 1 q (x) = c q (x). Similarly, introduce the matrixM N of size 2N + 1 × 2N + 1 whose (2k − i, 2q − j)-entry is given by
where i, j = 0, 1 and a 0 q and a 1 q are defined as above. Notice that, for the circle, µ(x) = π is constant and for any N the matrix M N is a multiple of the identity since we can choose c q = cos(2πq·) and s q = sin(2πq·).
Here is our main result Theorem 3. Let N > 2 be some number, assume e > 0 to be so small that Remark. Our requirements for smoothness are possibly not optimal; one could possibly improve them using [5] .
5.
A sufficient condition for rational integrability, the Deformation Function, and action-angle variables
Suppose Ω 0 ⊂ R 2 is strictly convex and has a caustic Γ ω of rotation number 0 < ω < 1/2. Denote by S(θ, ω) a parametrization of the boundary induced by the caustic of rotation number ω, i.e. a ray starting at a point S(θ, ω) tangent to Ω ω reflects at S(θ + ω, ω). Denote by ϕ(θ, ω) the angle of reflection ϕ at a point S(θ, ω) of Γ ω . By definition of functions S and ϕ we have
for all θ ∈ T and ω ∈ (0, 1/2) (resp. all ω ∈ Q).
Normalize that S(0, ω) = P 0 is fixed for all ω ∈ (0, 1/2), e.g. at one of the ends of the semimajor axis (perihelion). Both functions S and ϕ describe action-angle coordinates. For an ellipse these functions exist, are analytic in θ and ω. Moreover, for each ω ∈ (0, 1/2) ϕ(·, ω) is an analytic circle diffeomorphism (see e.g. Tabanov [15] ).
Remark. Observe that if ω = 1/q for some q > 2, then the coordinates S(·, ω) can be chosen arbitrarily in the interval [S(0, ω), S(ω, ω)], provided that they satisfy boundary conditions at S(0, ω) and S(ω, ω); a different choice of parametrization would then induce a different coordinate S(·, ω) which would still be compatible with (3). This arbitrariness will be to some extent resolved later (see Lemma 7) .
As before, s denotes the length parametrization of the boundary ∂Ω 0 . We shall assume that n(s) C 19 is bounded and n(s) C 1 is small.
Let Ω be an ellipse with action-angle coordinates (S, ϕ). Local computations show that for an infinitesimal deformation n, integers p and q such that 0 < p/q < 1/2, and θ ∈ T, the leading term of change of perimeter of the star-shaped polygon of Ω ′ corresponding to rotation number p/q and starting at θ is given by
The above expression inspires the definition:
which we call the Deformation Function. Since in the present article we are interested only in caustics of rotation numbers 1/q, we restrict analysis to this case.
Let us moreover introduce the convenient shorthand notations S q = S(·, 1/q) and ϕ q = ϕ(·, 1/q).
Lemma 4.
Let Ω 0 = E e be an ellipse of eccentricity 0 ≤ e < 1 and (S, ϕ) be its action-angle coordinates. Let ∂Ω ′ := ∂Ω 0 + n be a C 5 rationally integrable deformation of Ω 0 that is C 1 -small, q > 2 be an integer such that q n 1/6
be the maximal perimeter of the inscribed convex q-gon starting at the lift of
where C = C(e, n C 5 ) depends on the eccentricity e and on n C 5 but is independent of q. In particular if n C 5 < K then we can choose C which depends on K only.
Remark. Notice that in [11] a different version of this claim is given, see Proposition 11. We also point out that looking at expansion S(θ, ω) and ϕ(θ, ω) in ω near the origin one can get additional restrictions for a deformation n(s) preserving rational caustics. Using Proposition 11 it suffices to study expansion of ϕ(θ, ω) in ω only.
Proof. For each q > 2 the domain Ω 0 has caustics of rotation number 1/q and for each θ ∈ T the orbit P Sq(θ) , P Sq(θ+1/q) , . . . , P Sq(θ+(q−1)/q) is periodic of period q. It corresponds to the inscribed q-gon of maximal perimeter starting at P Sq(θ) . Moreover, presence of the caustic implies that
′ is strictly convex, for each θ ∈ T, there is a convex q-gon starting at P ′ 0 (θ) of maximal perimeter. Denote its collision points by
where · is Euclidean distance.
Since Ω ′ is small deformation of Ω 0 , orbits P ′ k (θ) and P 0 k (θ), k = 1, . . . , q are close. Consider the set of q vectors
Let α k (θ) be angle of v k (θ) with the normal to Ω 0 at P 0 k (θ) cooriented with the orientation of the boundary. By definition of action-angle coordinates the edge from P 0 k (θ) to P 0 k+1 (θ) has reflection angle ϕ(θ + k/q) at P 0 k (θ) and ϕ(θ + (k + 1)/q) at P 0 k+1 (θ) resp. Apply the cosine theorem to the difference P
. for some 0 ≤ c < 1.
Since the collection P ′ k (θ), k = 1, . . . , q realizes local maximum of the perimeter, the angle of incidence at
. . , q − 1 onto Ω 0 using orthogonal projection and denote this q-tuple byP
is bounded above by n C 0 , the angle between the edges and the projected edges satisfy
Tangents to Ω 0 atP ′ k and to Ω ′ at the lift P ′ k have angle upper bounded by 2 n C 1 . Therefore, angle of reflection of (P
By Corollary 6 for each k = 1, . . . , q we have
Observe that the constant c indeed depends on the C 5 -norm of our perturbation. This is the only dependence on the C 5 norm that we will encounter in the proof of our lemma.
Suppose angle
For each k = 1, . . . , q define instant rotation vector ω
where TP ′ 0 (θ) Ω 0 ) is the tangent to ∂Ω 0 . Since ϕ is C 1 , we have
The condition on ∢{(P
This implies that, for k = 1, . . . , q either all ω k > 1/q or all ω k < 1/q, which is contradicton with the fact that P
and for each k = 1, . . . , q . Now using this bound we study change in perimeter.
.
By the assumption on
P 0 k (θ) − P 0 k+1 (θ) we have q k=1 |v k |(sin ϕ q (θ + k/q) cos α k (θ) + cos ϕ q (θ + 1/q) sin α k (θ))+ + |v k |(sin ϕ q (θ + (k − 1)/q) cos α k (θ)) − cos ϕ q (θ + (k − 1)/q) sin α k (θ)) + Cq 5 n 2 C 1 = = q k=1 |v k | sin ϕ q (θ + k/q) cos α k (θ) + |v k | sin ϕ q (θ + (k − 1)/q) cos α k (θ) + Cq 5 n 2 C 1 , for some C = C(e). Notice that |v k (θ)| cos α k (θ) = n(S q (θ + k/q)). Therefore, L ′ q (θ) − L 0 q (θ) = q k=1 n(S q (θ + k/q)) sin ϕ q (θ + k/q) + Cq 6 n 2 C 1 .
Lazutkin parametrization and deformed Fourier modes
Lazutkin (see [10] ) proposed the following simplification of the billiard maps. Define Lazutkin coordinates as follows:
where, recall C Ω = ∂Ω ρ −2/3 (τ )dτ −1 . Then in these coordinates the map has the form f 3 : (x, y) → (x + y + y 3 g(x, y), y + y 4 h(x, y)).
If the radius of curvature ρ(s) is C r , then g and h are C r−3 .
Lemma 5. Let Γ q be a caustic of rotation number 1/q with q > 2, which in Lazutkin coordinates is given by Γ q = {(x, y q (x)) : x ∈ T}. Then there is C depending on g and h, which in turn depend on curvature of the domain ρ, such that
Let f k (x 0 , y q (x 0 )) = (x k , y q (x k )), k ∈ Z be an orbit on the caustic Γ q , then
Corollary 6. Let (s k , ϕ k ), k = 1, . . . , q > 2 be a periodic orbit of period q of rotation number 1/q and P k , k = 1, . . . , q are the corresponding collision points in ∂Ω. Then there is c = c(Ω) > 1, depending on ρ C 3 such that the Euclidean length of each edge P k − P k+1 satisfies
Remark. Notice that c depends continuously on C 5 norm of ∂Ω, i.e. if ∂Ω ′ is a small C 5 perturbation of ∂Ω, then the c change is small.
Proof of Lemma 5. Notice that
Iterating this q times we have
Similarly, we can handle the x-component.
Remark. Observe that if Ω is an ellipse of eccentricity e, then the constant C in the statement of Lemma 5 depends continuously on e in such a way that C → 0 as e → 0. In fact the curvature function ρ(s) depends analytically on e.
Let s(x) be the length parametrization as a function of the Lazutkin parametrization, implicitly defined by (6) . Since y = 4 C Ω ρ 1/3 (s) sin(ϕ/2), for any (s, ϕ) ∈ Γ q we have
Lemma 7. For some C > 0 and x being the Lazutkin parametrization, we can choose S q so that we have
Proof. The first estimate follows from Lemma 5. In order to prove the second inequality notice that by the y-estimate from Lemma 5 we have S q (x + 1/q) − S q (x) = y q (x) = 1 q + C q 3 . Therefore, for each x we have
for some 0 < ξ < 1 and S can be chosen so that |S
Remark. As in Lemma 5, if Ω is an ellipse of eccentricity e, the constant C varies continuously with e in such a way that C → 0 as e → 0.
To simplify notations let η q (x) = sin ϕ q (s(x)). Observe that, by Lemma 7, the Lazutkin parametrization x coincides with the limiting parametrization lim q→∞ S q (x). Notice moreover that qη q (x) has a well defined limit as q → ∞. Introduce
Using the previous bound we have
for some C depending on C Ω and ρ(x).
For any q > 2 define the Deformed Fourier Modes
We will define the first five functions c i (z), i = 0, 1, 2, s i (z), i = 1, 2 respectively in the next section. Notice that the correction function µ(z), given by (8), depends only on the domain and not on q.
Lemma 8. Let n be a C 5 -smooth function and assume that Ω ′ = Ω + n has a caustic of rotation number 1/q for some q > 2. Then for some C independent of n and q < n
where a q = c q or s q .
Proof. Consider the case of n being infinitesimally small. Multiply the Deformation function D(x) given by formula (4) by sin 2πqx. Since n is infinitesimal, we conclude that D is constant, thus D(x) sin 2πqx is constant along the orbit x, x + 1/q, . . . , x + (q − 1)/q. Since, for any k, (k+1)/q k/q sin 2πqx dx = 0, we conclude that
We can rewrite y = S q (x), x = S −1 q (y) and
With similar arguments we conclude that
Now replace equalities with inequalities from Lemma 4.
Lemma 9. For each Ω there exists C * so that for any q > 2,
Proof. By (9) we have that
Remark 10. By our previous remarks, if Ω is an ellipse, then C above depends on its eccentricity in such a way that C → 0 as e → 0. In the sequel we will refer to this constant as C * (e).
Lemma 11. Let r ≥ 2, n(s) be a C r function, ∂Ω be C r+2 . Then there is C such that for each q ≥ 1 we have
Proof. Since ∂Ω is C r+2 , then its curvature function ρ(y) with respect to Lazutkin parametrization is C r smooth. The function n(y)µ(y) is therefore C r smooth; hence, its q-th Fourier coefficients n(y) µ(y) sin 2πqy dy, n(y) µ(y) cos 2πqy dy are, in absolute value, bounded above by c n C 2 q −2 for some c = c(Ω). Using Lemma 9 we have that the maximal difference |c q (y)−cos 2πqy| and |s q (y)−sin 2πqy| is Cq −2 . This implies the required estimate.
Selection of translational, rotational, and deformational functional directions
In order to define s q , c q , q = 1, 2 we need to use geometry of the domain Ω 0 . As before Ω 0 is strictly convex with smooth boundary. Let 0 belong to the interior of Ω 0 . We construct the first pair u 1 , v 1 to define translations and the second pair u 2 , v 2 to define rotations of Ω 0 around the origin and deformations changing eccentricity.
Fix polar coordinates. Let (ϕ, r(ϕ)) be equation for ∂Ω 0 . Let s be length parametrization of ∂Ω 0 starting at (0, r(0)) and s(ϕ) be the corresponding function, which is invertible. Let ϕ(s) be the inverse. Let ψ(ϕ) be angle between the normal to ∂Ω 0 at (ϕ, r(ϕ)) and the radial direction cooriented with orientation of ∂Ω 0 . Naturally, ψ(s) := ψ(ϕ(s)), r(s) := r(ϕ(s)) and all functions on the boundary can be given with respect to either the ϕ-parametrization or the s-parametrization.
Consider a homothety Ω ′ of Ω 0 obtained by replacing the radial component r(ϕ) with (1 + ε)r(ϕ). Let n h (s(ϕ)) = r(ϕ) cos ψ(ϕ) and ∂Ω h := ∂Ω 0 + εn(s).
Lemma 12. For C depending on Ω 0 only we have
, where · is the maximal distance from a point on one boundary to the other one with respect to the C 19 -norm.
Consider a parallel translation Ω ′ of Ω 0 by a vector ε(a 1 , b 1 ) of length ε for any unit vector (a 1 , b 1 ). Choose α ∈ [0, 2π) and such that tan α = b 1 /a 1 . Let n(s(ϕ)) = cos(ϕ − α + ψ(ϕ)) and ∂Ω t := ∂Ω 0 + εn(s).
Lemma 13. For C depending on Ω 0 only we have
Then using these two functions we can realize any translation ε(a 1 , b 1 ) by choosing
Consider now the domain Ω ′ obtained by rotating by angle ε around at the origin. Let n(s) = r(s) sin ψ(s) and be small and ∂Ω r := ∂Ω 0 + n(s).
Lemma 14. For C depending on Ω 0 only we have
From now on we restrict to the case Ω 0 is an ellipse. For an ellipse of eccentricity e and the semimajor axis 1, i.e.
Denote by r e (ϕ) and ψ e (ϕ) parameters associated to this domain. For small ε consider an ε-deformation of E ε into the ellipse
obtained by hyperbolic rotation
Eccentricity of this ellipse e ′ = e + cε + O(ε 2 ), where c = c(a, b). Consider now the domain ∂Ω ′ := ∂Ω 0 + n(s), where n(s) = εr(s) cos(2ϕ(s) + ψ(s)).
Lemma 15. For C depending on Ω 0 = E e only we have
Suppose 0 < e 0 < 1 and 0 ≤ e < e 0 . Notice that ψ e (kπ/2) = 0, k = 0, 1, 2, 3, while r e (ϕ) is analytic strictly positive. Define max ϕ | sin ψ e (ϕ)| = ρ(e). Naturally, ρ(e) ∈ [0, 1) and ψ e (ϕ) ∈ (−π/2, π/2) for all ϕ. Then there is a function θ e (ϕ) such that θ e (kπ/2) = kπ, k = 0, 1, 2, 3, and sin ψ e (ϕ) = ρ(e) sin 2θ e (ϕ).
There is a function θ * e (ϕ) such that such that θ e (kπ/2) = kπ/2, k = 0, 1, 2, 3, and cos(2ϕ + ψ e (ϕ)) = cos 2θ * e (ϕ). Notice that as e → 0 we have that 
The Deformed Fourier basis
In the previous section we introduced the first 5 deformed Fourier modes; we can now state the following Proposition 16. Let Ω be an ellipse of eccentricity e; if e is sufficiently small, then the set of deformed Fourier modes B = {c 0 (y), s q (y), c q (y), q > 0} forms a basis of L 2 .
Proof. We will proceed in two steps: we first introduce an auxiliary set of vectors B = {c 0 (y), s q (y), c q (y), 0 < q ≤ N and cos 2πqy, sin 2πqy, N < q}.
We prove thatB forms a basis of L 2 provided that the eccentricity e is sufficiently small. Then, using this fact we will prove that B is indeed a basis of L 2 Lemma 17. Let N > 2 be an integer so that the matrix M N given by (1) is invertible. ThenB forms a basis of L 2 .
Proof. Consider the Fourier basis {1, cos 2πqy, sin 2πqy, q > 0}: if we replace the first 2N +1 basis elements with the functions c q and s q , it suffices to check that every element of {1, cos 2πqy, sin 2πqy, 0 < q ≤ N} is a linear combination of elements in {c 0 (y), s q (y), c q (y), 0 < q ≤ N and cos 2πqy, sin 2πqy, N < q}.
Invertibility of the correlation matrix is enough.
For N as in the statement of the above lemma, define the linear operator L N :
where L Lemma 18. We have
Proof. Observe that by [4] , we can chooseC so that
f (y)g(y)dy
Thus it suffices to obtain a uniformly small bound on the above integral. Since
(a k cos 2πky + b k sin 2πky) .
By orthogonality of Fourier modes:
By the triangle inequality:
hence we can conclude, by Lemma 9 and Remark 10:
In order to bound the term in brackets, consider the matrixM N defined in (2); by our assumption onM N we conclude that if f L 2 = 1, necessarily |a 0 | 2 + |a q | 2 +|b q | 2 < 2, that implies that |a 0 | + |a q | + |b q | < 2 √ N , which concludes the proof.
Assume that C * (e) from Lemma 9 satisfies the following condition
We can now conclude the proof of our proposition: consider the operator L introduced above. Then to conclude {c 0 (y), s q (y), c q (y), q > 0} forms a basis of
Successive approximations and proof of the Main Theorem
Consider an ellipse Ω 0 = E e of eccentricity e sufficiently small such that Corollary 16 applies, namely, set of Deformed Fourier modes is a basis of L 2 . Recall that s denotes length parametrization on the boundary ∂Ω. Let Ω ′ be a C 19 -small deformation given by a C 19 function n(s), i.e. ∂Ω ′ := ∂Ω 0 + n(s) with n C 19 being small.
Assuming that Ω ′ is rationally integrable, i.e. it has caustics of rotation numbers 1/q for all q > 2, we design the following approximation procedure. Find C = C(e) and a sequence of ellipses Ω k = E e k of eccentricity e k such that for each k ≥ 1 we have
and n k − n k−1 C 19 ≤ C n k−1 C 1 . This procedure converges to an ellipse.
Define coefficients of dot product with the basis (c q , s q ), i.e. for each q ≥ 1 we have a q := For q = 0 only a 0 is well-defined. Notice that these are not the coefficients of decomposition of n(y)µ(y) in the basis (c q , s q ), because c q and s q do not form an orthonormal basis.
Consider an ellipse E e (ε, a 0 , a 1 , a 2 , b 1 , b 2 ) obtained by homothety by (1 + a 0 ε), translation by ε in the direction (a 1 , b 1 ), rotation by εb 2 around the origin and deformed by hyperbolic rotation L εa 2 , defined in (11) . By Lemmas 12, 13 and 14 we have that the domain
Lemma 19. For some C = C(e) depending on eccentricity e of Ω 0 and ∂Ω ′ = ∂E (ε, a 0 , a 1 , a 2 , b 1 , b 2 ) + n ′ we have that
Proof. Let us rename the basis vectors c k and s k as follows: let e j , j ≥ 0 so that e 0 = c 0 , e 2j+1 = s j+1 , e 2j = c j . Let us also rename the components a j and b j asñ j so thatñ j = n(y)µ(y)e j (y)dy.
First, we claim that the vectors {e j } 0≤j≤4 are µ-orthogonal to the subspace generated by {e j } j>4 . Indeed, for any fixed 0 ≤ j ≤ 4 and ε > 0 small, consider the deformation of the ellipse E e into the ellipse 2 ∂E e ′ (ε) = ∂E e + εe j + O(ε 2 ).
Certainly, all caustics Γ 1/q with q > 2 are preserved; therefore, by Lemma 8, for q < ε −1/8 we can conclude:
ε e j (y) µ(y) e q (y) dy ≤ Cq 6 ε 2 ≤ Cε 5/4 ,
for any q > 4. Since ε can be chosen arbitrarily and the functions {e j } do not depend on the perturbation, but only on the domain Ω 0 , we have µ-orthogonality. Now, let us decompose n(y) = n 5 (y) + n ⊥ (y)
where n ⊥ is µ-orthogonal to the subspace spanned by {e j } j≤4 and n 5 is its complement. Now we show that the component n ⊥ of the decomposition of n is L 2 -small; then we deduce that it indeed is C 1 -small. By Corollary 16 we gather that the change-of-basis operator in ℓ 2 which transforms {e q }-coordinates to Fourier coordinates is a bounded operator; we can therefore estimate n 2 Indeed e = e ′ unless j = 4.
where C depends on e, but is independent of q and n C 1 . Then We now apply Lemma 11 toñ q for q > q 0 : we obtain |ñ q | ≤ n C 1 q 2 .
Therefore, for q ≥ q 0 we have that
|ñ q | ≤ C n 9/8
Hence we obtain n ⊥ L 2 ≤ C n 9/8 C 1 . Now, in order to estimate the C 1 -norm of n ⊥ , using standard estimates (see e.g. [6] ) for some C independent of n ⊥ , we have
and for any δ > 0
We can choose r = 19, δ = n Notice that in the tube neighborhood of Ω 0 = E e there are normal coordinates (s, n), with s being length parametrization and n be normal component, as in section 5. Notice that if n is C 1 and we approximate Ω ε by an ellipse E e (ε, a 1 , a 2 , b 1 , b 2 ), then we need to subtract from n an analytic function and perform an analytic transformation O( n C 1 )-close to the identity from a tube neighborhood of Ω 0 = E e to a tube neighborhood of E e (ε, a 1 , a 2 , b 1 , b 2 ). Denote by (s ′ , n ′ ) tube neighborhood coordinates of E e (ε, a 1 , a 2 , b 1 , b 2 ) . Therefore, if we consider Ω ′ in the (s ′ , n ′ )-coordinates, then ∂Ω ′ := ∂E e (ε, a 1 , a 2 , b 1 , b 2 ) + n ′ (s ′ ) for some function n ′ such that
This implies that the proposed approximation procedure converges and Ω ′ is an ellipse whose eccentricity is O( n C 1 )-close to e. Now notice that n ′ − n, before the change of coordinates consists of a linear combination of the first five functions {e j } 0≤j≤4 . Then it is composed with a change of coordinates that it analytic. This gives the second estimate.
